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TOPOLOGICAL OBSTRUCTIONS FOR ROBUSTLY TRANSITIVE
ENDOMORPHISMS ON SURFACES
C. LIZANA † AND W. RANTER ‡
Abstract. We address the problem of necessary conditions and topological
obstructions for the existence of robustly transitive endomorphisms on sur-
faces. Concretely, we show that a weak form of hyperbolicity (namely, partial
hyperbolicity) is a necessary condition in order to have robustly transitive dis-
playing critical points, and the only surfaces supporting this class of systems
are either the torus or the Klein bottle. Furthermore, we also prove that the
induced action by a partially hyperbolic endomorphism in the first homology
group has at least one eigenvalue with modulus larger than one.
1. Introduction and Statement of the Main Results
Throughout this paper, unless specified, M denotes a closed surface and End1(M)
the space of all the C1-maps from M into itself endowed with the usual C1-topology.
The elements of End1(M) will be called endomorphisms. Some of them display crit-
ical point, that is, point such that the derivative is not an isomorphism; and the
complement are endomorphisms without critical points which are local diffeomor-
phisms and diffeomorphisms. An endomorphism f ∈ End1(M) is said to be robustly
transitive if there exists a neighborhood U of f in End1(M) such that every g ∈ U
is transitive, recalling that transitive means that such map has a dense forward
orbit in the whole surface.
The main aim of our paper is to give necessary conditions and some topological
obstructions for the existence of robustly transitive surface endomorphisms display-
ing critical points. The first result we present is in regard of necessary conditions,
we show that in the case of surface endomorphisms displaying critical points, a
weak form of hyperbolicity is necessary for robust transitivity. Concretely,
Theorem A. Every robustly transitive surface endomorphism displaying critical
points is a partially hyperbolic endomorphism.
The definition of partial hyperbolicity for endomorphisms requires some prelimi-
nary notions about cone-field. Recall that a cone-field C on M is a family of closed
convex non-vanishing cone C (x) ⊆ TxM at each point x in M . A cone-field C
is said to be invariant (or k-invariant, if we want to emphasize the role of k) if
Dfkx (C (x)) is contained in the interior of C (f
k(x)) for all x in M which will be
denoted by int(C (fk(x))). Finally, an endomorphism f is a partially hyperbolic
endomorphism if there exist λ > 1, ` ≥ 1, and an invariant cone-field C satisfying:
[PH1 ] Transversal to the kernel: for all x ∈M and n ≥ 1,
ker(Dfnx ) ∩ C (x) = {0};
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[PH2 ] Unstable property: for all x ∈M and v ∈ C (x),
‖Df `x(v)‖ ≥ λ‖v‖.
Let us call this cone-field by unstable cone-field for f and denote it by C u. It
should be noted that, up to an iterated, we can assume that the unstable cone-field
C u is also `-invariant. If an invariant cone-field satisfies only the transversality
property ([PH1]), then we say that f admits a dominated splitting.
Let us briefly comment on the present state of the art. Man˜e´ proved in [Man˜82]
that every robustly transitive surface diffeomorphism admits a hyperbolic structure
in the whole surface. Man˜e´’s result has no direct generalization to higher dimen-
sion. Dı´az-Pujals-Ures and Bonatti-Dı´az-Pujals proved in [DPU99] and [BDP03],
for manifolds of dimension three and larger than four, respectively, proved that ro-
bust transitivity implies a weak form of hyperbolicity, called volume hyperbolicity1.
For local diffeomorphisms, Lizana-Pujals gave in [LP13] necessary and sufficient
conditions for the existence of robustly transitive, and, in particular, it is shown
that no form of weak hyperbolicity is necessary for robust transitivity. However,
for endomorphisms admitting critical points, the robust transitivity requires, as for
diffeomorphisms, a weak form of hyperbolicity as it is stated in Theorem A above.
The existence of an invariant cone-field on a surface provides some topological
obstructions. The next result gives a classification answering a natural question,
which surfaces support robustly transitive endomorphisms.
Theorem B. The only surfaces that might admit robustly transitive endomor-
phisms are either the torus T2 or the Klein bottle K2.
Some comments are in order. For diffeomorphisms, it follows from [Man˜82] that
the only surface admitting a robustly transitive is the 2-torus. For local diffeomor-
phisms, it is well-known that these maps are covering maps and the only surfaces
that can cover themselves are either the torus T2 or the Klein bottle K2. However,
it was not known, until now, if the existence of robustly transitive endomorphisms
displaying critical points implies topological obstructions. Although some examples
of robustly transitive local diffeomorphisms in the torus T2 and the Klein bottle
K2 (as expanding endomorphisms 2 for instance) are well-known, examples of ro-
bustly transitive endomorphisms admitting critical points first appear in [BR13] and
[ILP16] on the torus T2; and recently in [LR19], we built a new class of robustly
transitive endomorphisms exhibiting persistent critical points on the 2-torus and on
the Klein bottle, based on the geometric construction developed by Bonatti-Dı´az
in [BD96] to produce robustly transitive diffeomorphisms. The proof of Theorem B
for endomorphisms displaying critical points use a classical argument provided the
existence of continuous subbundles over M , which follows from Theorem A, and it
will be presented in Section §4.
An immediate and interesting consequence from Theorem B is the following.
Corollary B.1. There are not robustly transitive on the sphere S2.
The third result we present now is in regard of topological obstructions as well.
More precisely,
1A diffeomorphism is volume hyperbolic if the invariant splitting TM = E1⊕· · ·⊕Ek is domi-
nated and Df restricts to E1 and Ek are volume contracting and volume expanding, respectively.
In particular, it implies partial hyperbolicity in three-dimension.
2f ∈ End1(M) is an expanding endomorphisms if ‖Dfx(v)‖ > ‖v‖ for all x ∈M and v ∈ TxM .
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Theorem C. The action of a transitive endomorphism admitting a dominated
splitting in the first homology group of M has at least one eigenvalue with modulus
larger than one.
In particular, the proof of Theorem C will allow us to conclude the following.
Corollary C.1. The action of partially hyperbolic endomorphisms in the first ho-
mology group of M has at least one eigenvalue with modulus larger than one.
From Theorem C we get the following corollary.
Corollary C.2. The action of robustly transitive endomorphisms in the first ho-
mology group of M has at least one eigenvalue with modulus larger than one.
Consequently, one obtains the following.
Corollary C.3. There are not robustly transitive surface endomorphisms homo-
topic to the identity.
Let us comment the main ideas of the proof of Theorem C. First we prove that
the length of the iterated of any tangent arcs to the cone-field grows exponentially;
and later, based on [BBI04] where it is proved that the action of partially hyperbolic
diffeomorphisms on three manifolds on the first homology group is partially hyper-
bolic as well, we prove that if the action has some eigenvalue of modulus greater
than one, then there exists an arc such that the length of its iterated grows sub-
exponentially. In order to prove the first part, we adapt the arguments of [PS07]
to our setting. For further details and the proof of Corollaries C.1 and C.2 see
Section §5.
Finally, we introduce the main result of this work giving a dichotomy that will
be used to prove Theorem A. Before continuing, let us fix the following notation
and introduce some previous results. We denote the set of all the critical points
of f by Cr(f) and by int(Cr(f)) its interior; further, | ker(Df)| denotes the max-
imum of | ker(Dfx)| over M , where | ker(Dfx)| is the dimension of ker(Dfx). An
endomorphism f ∈ End1(M) is said to have full-dimensional kernel if there exist
an integer n ≥ 1 and x ∈ Cr(f) such that
| ker(Dfnx )| = dimM. (1.1)
This property is an obstruction for robust transitivity and will play an important
role in our approach. More precisely,
Key Lemma (Full-dimensional kernel obstruction). Let f : M → M be an endo-
morphism having full-dimensional kernel. Then f cannot be a robustly transitive
endomorphism.
Since the proof is not difficult we present it as follows.
Proof of Key Lemma. Since | ker(Dfnx )| = 2, one has that Dfnx = 0. Then, by
Franks’ Lemma, there exists f˜ C1-close to f such that f˜n behave as Dfnx in a
neighborhood of x, and so f˜n is constant in a neighborhood of x implying that f˜
cannot be transitive. 
An interesting fact, that will be shown in Section §3, is the following dichotomy
which appears “naturally” as an obstruction for domination property.
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Main Theorem. Let f : M →M be a transitive endomorphism whose int(Cr(f))
is nonempty and | ker(Dfn)| = 1 for every n ≥ 1. Then,
• either f admits a dominated splitting;
• or f can be approximated by endomorphisms having full-dimensional kernel.
Some comments related to the Main Theorem are in order. Some similarities with
the diffeomorphisms setting can be observed at this result. For diffeomorphisms, the
dichotomy guarantees that either one has domination property or one can create,
up to a perturbation, some obstructions (sinks and sources) for robust transitivity.
In both setting, one starts proving the existence of a dominated splitting over a
properly subset which can be extended to the whole manifold. The choices of
obstructions for robust transitivity and the properly subset play a fundamental role
in the proof; the choices are related in a way that allows us to define an invariant
splitting over a properly subset which the absence of domination property (see
Definition 2.1) implies an obstruction for robust transitivity. Let us make a brief
discussion about previous results.
• For diffeomorphisms, the used obstructions for robustly transitive are the ex-
istence of sinks or sources3; and the properly subset is the set of all periodic points
in [Man˜82], and it is the homoclinic class of a saddle point in [DPU99, BDP03].
- In [Man˜82], the obstructions mentioned above implies that the periodic
points of a robustly transitive diffeomorphism are hyperbolic. Then, one
can define a “natural” invariant splitting over the periodic points. It is
shown that under the absence of domination property, sinks and sources
can be created, up to a perturbation, which is a contradiction. Therefore,
the hyperbolic splitting over the periodic points is dominated and can be
extended to the closure of the periodic points that generically is the whole
surface.
- In [DPU99] and [BDP03], the properly subset is the homoclinic class of a
hyperbolic saddle point. It has a “natural” splitting given by the transversal
intersection of the stable and unstable manifolds of such saddle. They
prove that the absence of domination of such splitting implies the existence
of sinks and sources for a perturbation which is an obstruction for robust
transitivity. Finally, they use classical results, such as Closing Lemma and
Connecting Lemma, to extend the splitting to the whole manifold.
• For non-invertible endomorphisms, observe that just sinks keep being obstruc-
tions for robustly transitive (e.g., expanding endomorphisms are robustly transitive
and have sources). However, in the setting of the Main Theorem, the alternative
obstruction for robustly transitive, full-dimensional kernel allows us to define a
properly subset as the set of all full orbits (see Section §2) which enter infinitely
many times for the past/future in the set of the critical points. Concretely,
Λf =
{
(xi)i ⊆Mf
∣∣∣∣ f(xi) = xi+1; and xi ∈ Cr(f) forinfinitely many negative/positive i ∈ Z
}
. (∗)
3A sink (source) is a periodic point (e.g., fn(p) = p) whose linear map L = Dfnp has all the
eigenvalues with modulus less (greater) than one. The existence of sinks (sources) implies the
existence of a neighborhood U of p such that fn(U) ⊆ U (f−n(U) ⊆ U) which contradicts the
transitivity.
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In general, the authors do not know if this set is “typically” nonempty. However,
it will be shown in Section §3 that if f satisfies the hypothesis of Main Theorem
then Λf is a dense subset, further details in Section §3.1. More generally, in Section
§4 (see Lemma 4.1), it will be shown that every robustly transitive endomorphism
f displaying critical points can be approximated by endomorphisms g whose cor-
responding Λg is dense, where Λg refers to the set associated to g given as in (∗).
Hence, we first assume that Λf is a nonempty set and define the following subbun-
dles,
E(xj) = ker
(
Df
τ
+
j
+1
xj
)
and F (xj) = Im
(
Df
|τ−
j
|
x
τ
−
j
)
, (∗∗)
where τ+j is the first time the orbit (xj+i)i enters in the set of critical points and τ
−
j
is the first time before the orbit (xj+i)i leaves the set of critical points. In Section
§3, we will prove that either E ⊕ F over Λf is dominated in the sense of Defini-
tion 2.1; or f can be approximated by an endomorphism having full-dimensional
kernel. Finally, we use the equivalence between Definition 2.1 and the definition of
dominated splitting given at the beginning of this section ([PH1]), see Section §2
for details, to conclude the proof of Main Theorem.
The novelty in our approach are the full-dimensional kernel obstruction for ro-
bustly transitive, the choice of Λf and the construction of the splitting E ⊕F over
Λf . Furthermore, it will not be used any classical result such as Closing Lemma
and Connecting Lemma. These are the most important difference between our
approach and the approaches in [Man˜82, DPU99] and [BDP03].
Finally, Section §6 is devoted to prove that the dominated splitting obtained in
Section §4 is in fact partially hyperbolic, that is, the extremal dominating bundle
is expanding, finishing the proof of Theorem A.
1.1. Sketch of the proof. The strategy for proving the results stated above is as
follows. Consider a robustly transitive endomorphism displaying critical points.
(1) The existence of critical points and transitivity allows us to construct a
“properly subset” Λf defined by (∗) (Section §3.1).
(2) Observe that the kernel of the differential is at most one dimensional. If
not, we are able to find a perturbation having an attracting periodic point,
which contradicts the transitivity of nearby maps (Key Lemma).
(3) Previous observation provide us a “natural” candidate for an invariant split-
ting over the critical points, since one of the subbundle is determined by the
kernel of the differential over the critical points and the other subbundle
is given by a “transversal” direction to the kernel. Then, this splitting is
extended to the iterates and can be defined over the “properly subset” as
in (∗∗) (Section §3.1 and §3.2).
(4) For every nearby map to the initial holds that the angle between the invari-
ant subbundles over the “properly set” is uniform bounded away from zero.
Our approach for proving it is a little bit different from the diffeomorphism
setting approach in [Man˜82, DPU99, BDP03]. For invertible maps, if the
angle goes to zero, sinks and sources can be created, and both are obstruc-
tions for transitivity. However, in our setting sources are not an obstruction
for transitivity, instead we use the fact of having full-dimensional kernel,
contradicting that the initial map is robustly transitive (Section §3.2).
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(5) Then, the splitting is, in fact, a dominated splitting over the “properly set”.
Furthermore, this dominated splitting is extended to the whole surface and
it is an open property. The strategy for proving the domination property
is to prove, first, that the domination property holds in a neighborhood of
the critical points, second, it is extended to the “properly set”, and then
it holds for the whole surface. For this, roughly speaking, assuming that
the domination property does not hold, then we can find a perturbation
having full-dimensional kernel, contradicting the fact that the initial map
is robustly transitive (Section §3.3 and §4).
(6) Once we have the existence of the dominated splitting, we get topological
obstructions providing which surfaces support robustly transitive endomor-
phisms (Section §4).
(7) Next, we prove that this splitting has a topological expanding behavior in
the direction transversal to the kernel. Indeed, we show that the length of
the iterates of arcs tangent to the extremal dominate bundle grows expo-
nentially (Section §5).
(8) Finally, we show that the extremal dominate bundle is, in fact, an uniform
expanding bundle getting that the initial map is partially hyperbolic as
we wished (Section §6). For this, we assume by contradiction that the
extremal dominate subbundle is not expanding. Then, the domination
property implies that the dominated subbundle is contracting, and, up to a
perturbation, there is a sink, contradicting that the initial map is robustly
transitive.
2. Preliminaries
This section is devoted to introduce the basic notions that will be used along
this paper, such as the notion of partial hyperbolicity for endomorphisms displaying
critical points in term of invariant splitting. Moreover, it will also be presented
some fundamental properties for dominated splitting as uniqueness, continuity of
the splitting, and the equivalence between the both notions of partial hyperbolicity
for endomorphisms in terms of cone-field and invariant splitting. For the sake of
clearness, we prove that both definition are equivalent and then use indistinctly
any of them according to the situation, it is important to recall that since we are
in a non-invertible setting, we are dealing with several pre-images and has to be
careful when we consider backward iterates. The readers that are familiar with
these notions can skip this section, and come back in case it is necessary.
2.1. Dominated splitting and partial hyperbolicity for endomorphisms.
Due to the fact that an endomorphism might have several pre-images, it is appro-
priated to define a splitting over the space of the full orbits (or simply, orbit). Let
us denote by MZ the product space and, for every f ∈ End1(M), define the space
of all the orbits of f by
Mf = {(xi)i ∈MZ : f(xi) = xi+1,∀i ∈ Z}. (2.1)
Denote by TMf the vector bundle over Mf defined as the pullback of TM by the
projection pi0 : Mf → M defined by pi0((xi)i) = x0. In particular, it is well known
that TMf and TM are isomorphic. Unless specified, we use TxM to denote the fiber
of TM at x ∈M and the fiber of TMf at (xi)i ∈Mf where x0 = x. Furthermore, it
should be noted that f acts in Mf as a shift map (xi)i 7→ (xi+1)i and the derivative
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acts from TxiM to Txi+1M . Then, we say that Λ a subset of Mf is f-invariant if
it is invariant for the shift map. Before defining dominated splitting (in term of
splitting) for endomorphisms displaying critical points, we recall the definition for
local diffeomorphisms (or diffeomorphism).
A f -invariant subset Λ in Mf is said to admit a dominated splitting for f if
there exist α > 0, ` ≥ 1, and two one-dimensional bundles E and F such that for
all (xi)i ∈ Λ and i ∈ Z hold
- Invariance splitting:
Df(E(xi)) = E(f(xi)) and Df(F (xi)) = F (f(xi));
and, TxiM = E(xi)⊕ F (xi);
- Uniform angle: (E(xi), F (xi)) ≥ α;
- Domination Property:
‖Df ` |E(xi) ‖ ≤
1
2
‖Df ` |F (xi) ‖.
Df ` |E(x) and Df ` |F (x) denote the restriction of Df `x to the linear subspaces E(x)
and F (x), respectively.
Remark 2.1.
- In this setting, it is known that as TxM = E(x)⊕F (x), there exists a linear
map φx : E(x) → E⊥(x) such that the graph of φx is the subspace F (x).
Then, we define the angle between E(x) and F (x) by
‖φx‖ = tan(E(x), F (x)).
- Although we denote the subbundles by E(x) and F (x), we would like to
emphasize that in general E depends on the forward orbits (i.e., (xi)i≥0
whose x0 = x) and F depends on the backward orbits (i.e., (xi)i≤0 whose
x0 = x).
However, when critical points appear, it is natural to think that the invariance
property is affected. Indeed, let TxM = E(x) ⊕ F (x) be satisfying the properties
above. It should be noted that if x ∈ Cr(f) we must have that E(x) is the kernel of
Df at x. Otherwise, either Dfx(F (x)) = {0} or E(f(x)) = F (f(x)), contradicting
the definition above. Thus, a natural extension of the dominated splitting definition
for endomorphisms displaying critical points is as follows.
Definition 2.1 (Dominated splitting). Let Λ be a f -invariant subset of Mf . We
say that Λ admits a dominated splitting for f if there exist α > 0, ` ≥ 1, and two
one-dimensional bundles E and F such that for every (xi)i ∈ Λ and i ∈ Z hold
- Invariance splitting:
Df(E(xi)) ⊆ E(f(xi)) and Df(F (xi)) = F (f(xi));
and TxM = E(xi)⊕ F (xi);
- Uniform angle: (E(xi), F (xi)) ≥ α;
- Domination Property:
‖Df ` |E(xi) ‖ ≤
1
2
‖Df ` |F (xi) ‖. (2.2)
We denote the domination property by E ≺` F .
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If Λ = Mf , we say Mf admits a dominated splitting or simply f has a dominated
splitting. Unless specified, we use TΛM = E⊕F to denote the splitting over Λ and
for each point (xi)i ∈ Λ the splitting E ⊕ F over the orbit (xi)i means that
∞⊔
i=−∞
TxiM =
∞⊔
i=−∞
E(xi)⊕ F (xi).
Definition 2.2 (Partially hyperbolic). We say that an endomorphism f displaying
critical points is partially hyperbolic if there exist two one-dimensional bundles E
and F satisfying:
- Dominated splitting: TMf = E ⊕ F is a dominated splitting for f ;
- Unstable direction: there exist k ≥ 1 and λ > 1 such that for all (xi) ∈
Mf and i ∈ Z hold that
‖Dfk |F (xi) ‖ ≥ λ. (2.3)
It should be noted that, up to an iterated, we can assume that k ≥ 1 in (2.3)
and ` ≥ 1 in (2.2) are the same.
2.2. Fundamental properties of dominated splitting. Here we present some
fundamental properties of dominated splitting. The uniqueness of dominated split-
ting holds for endomorphisms without critical points, for details see [CP]. Next
proposition guarantees, even in the setting with critical points, the uniqueness of
the splitting.
Proposition 2.1 (Uniqueness). The dominated splitting TΛM = E ⊕F is unique.
That is, if Λ admits two dominated splittings E ⊕ F and G ⊕ H for f , we must
have E(xi) = G(xi) and F (xi) = H(xi) for all (xi)i ∈ Λ and i ∈ Z.
Proof. For every (xi)i in Λ, we can consider two cases.
Case I: the orbit (xi)i such that xi /∈ Cr(f).
In this situation, the proof follows from same arguments as in the invertible case
and can be found in [CP].
Case II: the orbit (xi)i such that xi ∈ Cr(f) for some i ∈ Z.
Here, without loss of generality, we can assume that x0 ∈ Cr(f) and xi /∈ Cr(f)
for every i 6= 0. Thus, one has that E(x0) = ker(Dfx0) = G(x0) and Dfxi is an
isomorphism for i 6= 0 which imply E(xi) = G(xi) for i ≤ 0 and F (xi) = H(xi)
for i ≥ 1. In particular, it should be noted that TxiM admits two dominated
splitting E(xi) ⊕ F (xi) and E(xi) ⊕ H(xi) for an invertible map Df on (xi)i≤0
and TxiM admits two dominated splitting E(xi) ⊕ F (xi) and G(xi) ⊕ F (xi) for
the isomorphism Df on (xi)i≥1. Therefore, repeating the same argument for the
invertible case one can conclude that E(xi) = G(xi) and F (xi) = H(xi) for every
i ∈ Z. 
The following result shows the continuity of the dominated splitting. Moreover,
it proves that a dominated splitting can be extended to the closure.
Proposition 2.2 (Continuity and extension to the closure). The map
Λ 3 (xi)i 7−→ E(x0)⊕ F (x0) (2.4)
is continuous. Moreover, it can be extended to the closure of Λ continuously.
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Proof. Let (xni )i → (xi)i as n → ∞ with (xni )i and (xi)i in Λ. Let vn and wn be
unit vectors in E(xn0 ) and F (x
n
0 ), respectively. Up to a subsequence, we can assume
that vni and w
n
i converge to vi and wi such that the spanned spaces are E˜(xi) and
F˜ (xi), respectively. In particular, using that f is a C
1-map and the angle between
E and F is uniformly bounded away from zero, we obtain that E˜⊕F˜ is a dominated
splitting over (xi)i. Thus, by uniqueness of the existence of dominated splitting, we
get that E˜(xi) = E(xi) and F˜ (xi) = F (xi) which implies that the argument does
not depend on the choice of the subsequence of (vni )n and (w
n
i )n. Therefore, the
map in (2.4) is continuous. By the continuity of the map in (2.4) and uniqueness
of the dominated splitting, we can extend E ⊕ F to the closure of Λ as the limits
of E and F . 
Remark 2.2. It is well-known and follows from the proof of uniqueness that if
E ⊕ F is a dominated splitting, then the subbundle E only depends on the forward
orbits. That is, for every (xi)i and (yi)i in Λ, one has for every i ≥ 0 that
E(xi) = E(yi), whenever x0 = y0.
In particular, by Proposition 2.2, the subbundle induced by E on M is continuous
which, by slight abuse of notation, we also denote by E.
The following is a characterization of partial hyperbolicity which will be useful
for proving Theorem A. However, the proof is a standard argument.
Proposition 2.3. Let TMf = E ⊕ F be a dominated splitting for f . There exist
`0 ≥ 1 and λ > 1 such that for every (xi)i ∈ Mf with x0 = x, there is 1 ≤ k ≤ `0
with k depending of (xi)i so that
‖Dfk |F (x) ‖ ≥ λ (2.5)
if, and only if, f is a partially hyperbolic endomorphism.
Proof. Since Mf 3 (xi)i 7→ F (x0) is continuous, we can take C = min{‖Df j |F (x0)
‖ : 1 ≤ j ≤ `0 − 1 and (xi)i ∈Mf} and write ` = k`0 + r, 0 ≤ r ≤ `0 − 1. Then we
have for r = 1, . . . , `0 − 1,
‖Df ` |F (x0) ‖ ≥ Cλk.
Hence, taking k0 ≥ 1 such that λ0 := Cλk0 > 1, we have that ‖Df ` |F (x0) ‖ ≥ λ0.
The reciprocal is clear. 
2.3. Cone-criterion. Here, we present the equivalence between the definitions of
dominated splitting and partial hyperbolicity in terms of cone-field and invariant
splitting.
Let E be a Df -invariant continuous subbundle of TM . For every x ∈ M , we
define the following cone-field CE on M with core E of length (angle) η > 0,
CE(x, η) = {u1 + u2 ∈ E(x)⊕ E(x)⊥ : ‖u2‖ ≤ η‖u1‖}. (2.6)
By Remark 2.1 it can be rewritten as:
CE(x, η) = {v ∈ E(x)⊕ E(x)⊥ : (E(x),R〈v〉) ≤ η},
where R〈v〉 denotes the subspace generated by v. The dual cone of CE(x, η) is the
cone-field given by
C ∗E(x, η) = {u1 + u2 ∈ E(x)⊕ E(x)⊥ : ‖u1‖ ≤ η−1‖u2‖}. (2.7)
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In other words, C ∗E(x, η) is the closure of TxM\CE(x, η). The interior of CE is
given by
int(CE(x, η)) = {u1 + u2 ∈ E(x)⊕ E(x)⊥ : ‖u1‖ < η‖u2‖} ∪ {0}.
By Remark 2.2, the subbundle induced by E of a dominated splitting E ⊕ F
for f over Mf is well-defined. Then, consider the cone-field CE on M and state
the following equivalence between the definitions of dominated splitting in terms of
cone-fields and invariant splitting.
Proposition 2.4. E⊕F is a dominated splitting for f if, and only if, the cone-field
CE on M is invariant and transversal to the kernel.
Proof. Since the angle between E and F is bounded away from zero, there is a
number α > 0 verifying that for every x ∈ M , the direction F is not contained in
CE(x, α). In particular, we have that for every (xi)i ∈ Mf , F (xi) ⊆ C ∗E(xi, α).
The domination property implies that, for k ≥ 1 large enough, the direction
Dfk(E⊥(xi)) gets closer to F (fk(xi)) and ‖Dfk |E⊥(xi) ‖ ≈ ‖Dfk |F (xi) ‖. Hence,
one can fix k ≥ 1 so that Dfk(C ∗E(xi, α)) ⊆ int(C ∗E(fk(xi), α)). This proves the
necessary condition. The proof for the sufficient condition can be found in [CP,
Section 2]. 
Remark 2.3. It should be emphasized that the existence of a dominated splitting
is an open property in the C1 topology. That is, if f admits an invariant cone-field
C transversal to the kernel, then there exists a neighborhood U of f in End1(M)
such that the cone-field C is invariant and transversal to the kernel for each g ∈ U
as well.
The following result shows the equivalence between the definitions of partially
hyperbolic endomorphisms in terms of cone-field and invariant splitting. The proof
can be found in [CP].
Proposition 2.5. f is a partially hyperbolic endomorphism if, and only if, there
exists an unstable cone-field C u on M .
Remark 2.4. Partial hyperbolicity as well as dominated splitting is an open prop-
erty. In other words, the existence of unstable cone-fields is a property shared by
all nearby endomorphisms. Recalling that C u is an unstable cone-fields for f if
it is invariant, transversal to the kernel and satisfy the unstable property, that is,
there are `, λ > 1 such that ‖Df `x(v)‖ ≥ λ‖v‖, for all x ∈ M and v ∈ C u(x), see
properties [PH1] and [PH2] in Section §1.
3. Proof of Main Theorem
In this section we prove the Main Theorem stated in Section §1. Since the
existence of an invariant cone-field and a dominated splitting are equivalent, see
Proposition 2.4 in Section §2, the Main Theorem can be proved using the notion of
dominated splitting in terms of invariant splitting. Before starting the proof let us
construct precisely the invariant splitting over the set Λf in (∗) that was previously
defined in Section §1.
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3.1. Construction of the invariant splitting. Let f be a transitive endomor-
phism with int(Cr(f)) 6= ∅ and | kerDfn| = 1 for every n ≥ 1. Let Mf be the
inverse limit space for f , recalling that Mf = {(xi)i ∈MZ : f(xi) = xi+1, ∀i ∈ Z}.
It is known that the action of f over Mf (the shift map on Mf ) is a transitive
homeomorphism, for further details see [AH94, Theorem 3.5.3], and pi−10 (Cr(f))
has nonempty interior. Consequently, there is a residual set of points in Mf so that
the backward/forward orbits are dense and intersect pi−10 (Cr(f)) infinitely many
times for the past and for the future. Therefore, Λf is a dense subset of Mf , where
Λf is defined by (∗) in Section §1. From now on, we refer to this set as “lambda-set”
to avoid explicit reference to the endomorphism.
Let us recall the candidate for the dominated splitting for f over Λf introduced
in Section §1. First, given (xi)i ∈ Λf , we denote by τ−j and τ+j , the first time
before its orbit leave the set of critical points and the first time to enter in the set
of critical points, respectively. More precisely, for every (xi)i ∈ Λf ,
τ−j = max{i < 0 : xj+i ∈ Cr(f) and f(xj+i) /∈ Cr(f)}; and
τ+j = min{i ≥ 0 : xj+i ∈ Cr(f)}.
(3.1)
Thus, we define the subbundles of TMf over Λf as:
E(xj) = ker
(
Df
τ
+
j
+1
xj
)
and F (xj) = Im
(
Df
|τ−
j
|
x
τ
−
j
)
. (∗∗)
Since | kerDfn| = 1 for all n ≥ 1, we have that E and F are one-dimensional
subbundles. Furthermore, it should be noted that if xj in (xi)i is a critical point,
then we have that E(xj) = ker(Dfxj ). In general, E and F at xj can be thought as
the kernel of the τ+j -iterated of f where τ
+
j is the time that f
i(xj) takes to enter in
Cr(f) and the image of the |τ−j |-iterated of f where |τ−j | is the time that f−i(xj)
takes to come back to Cr(f), respectively.
Figure 1. E,F subbundles over Λf .
Remark 3.1. It is interesting to notice that from the definition of E(xj) follows
that it just depends on the forward orbit of (xj+i)i≥0. However, F (xj) actually
depends on the backward orbit of (xj+i)i≤0.
We would like to emphasize that there is no assumption over the periodic points.
The assumptions int(Cr(f)) 6= ∅ and f transitive are to ensure that Λf is a
nonempty dense subset of Mf . Hence, we state the following result.
Theorem 3.1. Let f ∈ End1(M) be an endomorphism whose | ker(Dfn)| = 1 for
every n ≥ 1 and Λf 6= ∅. Then
• either E ⊕ F is a dominated splitting for f over Λf ;
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• or f can be approximated by endomorphisms having full-dimensional kernel.
Assuming the previous theorem, we are able to prove Main Theorem.
Proof of Main Theorem. Let us assume that f cannot be approximated by endo-
morphisms having full-dimensional kernel. That is, there exists a neighborhood Uf
of f satisfying
∀g ∈ Uf , n ≥ 1, | ker(Dgn)| = max
x∈M
| ker(Dgnx )| ≤ 1. (?)
Then, by Theorem 3.1, we have that TΛfMf = E ⊕ F is a dominated splitting for
f . Moreover, using that Λf is dense in Mf together with Proposition 2.2, we can
extend the dominated splitting to the whole Mf , establishing the proof of Main
Theorem. 
3.2. Proof of Theorem 3.1. We start proving the invariance splitting property.
Lemma 3.1 (Invariance splitting). For every (xi)i ∈ Λf holds,
Df(E(xi)) ⊆ E(xi+1) and Df(F (xi)) = F (xi+1);
and
∞⊔
i=−∞
TxiM =
∞⊔
i=−∞
E(xi)⊕ F (xi). ( I )
Proof. The proof follows immediately from the definition of E and F together with
the fact that Dfxj is an isomorphism for xj /∈ Cr(f) and τ±j+1 = τ±j − 1. 
We would like to emphasize that the Lemma 3.1 (Invariance splitting) above
holds for any endomorphism g ∈ End1(M) whose | ker(Dgn)| = 1 for all n ≥ 1 and
Λg the nonempty set associated to g given as in (∗).
Before proceeding, let us recall the following classical tool in C1-perturbative
arguments due to Franks in [Fra71].
Lemma (Franks). Let f ∈ End1(M). Given a neighborhood U of f , there exist
ε > 0 and a neighborhood U ′ of f contained in U so that given g ∈ U ′, every
finite collection of points Σ = {x0, ..., xn} in M , and every family of linear maps
Li : TxiM → Tg(xi)M which ‖Li − Dgxi‖ < ε, for each 0 ≤ i ≤ n, there exists
an endomorphism g˜ ∈ U and a family of balls Bi centered in xi contained in a
neighborhood B of Σ satisfying: g˜(x) = g(x), for x ∈ M\B; g˜(xi) = g(xi), and
g˜ |Bi= Li, for each 0 ≤ i ≤ n.
Recalling that g˜ |Bi= Li means that the action of g˜ in Bi is equal to the linear
map Li.
The following result will be an important tool along this paper and will be used
several times. Before state our assertion, let us denote by Eg and Fg the subbundles
associated to g.
Lemma 3.2. For every neighborhood U of f , there exist ε > 0 and a neighborhood
U ′ ⊆ U of f such that for any g ∈ U ′ whose Λg 6= ∅ one has that if for some
(xi)i ∈ Λg, there exist a subset Γ = {x0, ..., xn−1} and Li : Txi−1M → TxiM linear
maps satisfying:
‖Li −Dgxi−1‖ < ε, for each 1 ≤ i ≤ n; and Ln · · ·L1(Fg(x0)) = Eg(xn).
Then, there exist g˜ ∈ U and a neighborhood W of Γ such that:
(i) g˜(xi−1) = xi and Dg˜xi−1 = Li, for each 1 ≤ i ≤ n; and g˜ |W c= g |W c ;
TOPOLOGICAL OBSTRUCTIONS FOR ROBUST TRANSITIVITY 13
(ii) there exists m ≥ 1 such that | ker(Dg˜m)| = 2.
Proof. The existence of g˜ is guaranteed by Franks’ Lemma. Assume, without loss
of generality, that τ−0 < n ≤ τ+0 where xτ−0 and xτ+0 belong to Cr(g) and
W ∩ {xτ−0 , . . . , x0, . . . , xn−1, . . . , xτ+0 } = Γ.
Then, taking m = 1 + |τ−0 |+ τ+0 , one has
Dg˜m(Tx
τ
−
0
M) = Dg1+τ
+
0 −nLn · · ·L1Dg|τ
−
0 |(F (xτ−0 ))
= Dg1+τ
+
0 −nLn · · ·L1(F (x0)) = Dg1+τ
+
0 −n(E(xn)) = {0}.
In other words, we obtain that | ker(Df˜m)| = 2. 
It remains to prove that the angle between E and F is uniformly bounded away
from zero and there exists ` ≥ 1 so that E ≺` F , recall Definition 2.1. In order
to prove it, we assume that f cannot be approximated by endomorphisms having
full-dimensional kernel, that is, there exists a neighborhood Uf of f satisfying (?).
Throughout this section, we fix ε > 0 and a neighborhood U of f contained in
Uf such that the hypotheses of Lemma 3.2 are never satisfied. Further, let us fix
an angle α > 0 small enough such that any rotation map R of angle less than α
verifies that ‖R ◦ Dg − Dg‖ < ε, for all g ∈ U . By slight abuse of notation, we
continue denoting U by Uf .
The following lemma ensures that the angle between E and F is uniformly
bounded away from zero.
Lemma 3.3 (Uniform angle). For every g ∈ Uf with Λg 6= ∅, we have for every
(xi)i ∈ Λg that
(Eg(xi), Fg(xi)) ≥ α, for all i ∈ Z. (II)
Proof. Suppose that there exists a sequence of points xi such that the angles be-
tween Eg(xi) and Fg(xi) is less than α. Let R : TxiM → TxiM be a rotation of
angle less than α such that R(F (xi)) = E(xi). Then, Li = R ◦Dg satisfies
‖Dg − Li‖ ≤ ε and Li(Fg(xi−1)) = Eg(xi),
which is a contradiction. Therefore, for every (xi)i ∈ Λg and i ∈ Z,
(Eg(xi), Fg(xi)) ≥ α.

Note that so far we have proved that for all g ∈ Uf with Λg nonempty, the
splitting Eg ⊕ Fg over Λg is invariant and its angle is uniform bounded away from
zero. Finally, let us prove that the invariant splitting constructed above has the
domination property.
Lemma 3.4 (Uniform domination property). There exists a neighborhood U of
f contained in Uf and an integer ` > 0 such that for every g ∈ U , whose Λg is
nonempty, we have for every (xi)i ∈ Λg that:
‖Dg` |Eg(xi) ‖ ≤
1
2
‖Dg` |Fg(xi) ‖, for all i ∈ Z. (III)
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The proof of the uniform domination property will be done in the next subsection.
The lemma above is slightly more general than the domination property, indeed the
statement claims that the angle is bounded away from zero, and the domination
property are uniform in an open set for endomorphisms whose “lambda-set” is
nonempty. This will be useful when we wish to prove that the accumulation point
of g ∈ U with Λg nonempty, has the domination property as well. Therefore, we
conclude the proof of Theorem 3.1. 
3.3. Uniform domination property. This section is devoted to prove the Lemma
3.4 (Uniform domination property) stated in previous section. Let f be an endo-
morphism displaying critical points satisfying the assumption (?).
Let us highlight that for proving this lemma will not be assumed that Λf
is nonempty. That is, in order to obtain the uniform domination property, Λf
nonempty is not a necessary condition. The proof of the uniform dominated prop-
erty will be divided in two steps. The first one shows the domination property in a
neighborhood of the critical points. In the second step, we extend the domination
property got in the first step to the “lambda-set” to conclude the lemma.
First step. Domination property nearby the set of critical points.
Lemma 3.5. There exist two neighborhoods U ′ ⊆ Uf of f and U of Cr(f) such
that for every g ∈ U ′ which Λg is well-defined, we have that if (xi)i ∈ Λg satisfies
‖Dgj |Eg(x0) ‖ ≥
1
2
‖Dgj |Fg(x0) ‖, (3.2)
for every 1 ≤ j ≤ l. Then, x0, x1, . . . , xl−1 /∈ U.
The proof requires some preliminaries notation and results.
Since min‖v‖=1 ‖Dfx(v)‖ < max‖w‖=1 ‖Dfx(w)‖ for every x nearby Cr(f), we
define Vf (x) and Wf (x) as the subspaces of TxM in a neighborhood U of Cr(f)
verifying:
‖Df |Vf (x) ‖ = min‖u‖=1 ‖Dfx(u)‖ and ‖Df |Wf (x) ‖ = max‖w‖=1 ‖Dfx(w)‖. (3.3)
More general, we can assume that for every g ∈ Uf one has in U,
min
‖v‖=1
‖Dgx(v)‖ < max‖w‖=1 ‖Dgx(w)‖;
and define Vg(x) and Wg(x) for x ∈ U, similarly. Furthermore, whenever Cr(g) 6= ∅,
Cr(g) is contained in U, that is, U is a neighborhood of the critical points for every
g ∈ Uf , and Vg(x) = ker(Dgx) for all x ∈ Cr(g). On the other hand, note that the
following functions:
Uf 3 g 7→ Vg, Wg, and U 3 x 7→ Vg(x), Wg(x) (3.4)
are continuous. Moreover, it is well known that Vg(x) and Wg(x) are orthogonal
for all x ∈ U.
Now consider the cone-field CVg with core Vg and angle η > 0,
CVg : U 3 x 7→ CVg (x, η) = {v + w ∈ Vg(x)⊕Wg(x) : ‖w‖ ≤ η‖v‖};
and recall that C ∗Vg (x, η) is the dual cone-field of CVg (x, η) defined as the closure of
TxM\CVg (x, η).
Next result gives an interesting property about the splitting Vg ⊕Wg over U.
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Proposition 3.1. Given η > 0 and θ > 0, there are two neighborhoods U ⊆ Uf of
f and U of the critical points for every g ∈ U so that for every g ∈ U and x ∈ U
holds
(Dg(Wg(x)),R〈Dgx(u)〉) < θ, ∀u ∈ C ∗Vg (x, η). (3.5)
Proof. Since Df(C ∗Vf (x, η)) = Df(Wf (x)) for every x ∈ Cr(f) and by the equation
(3.4), we can find a neighborhood U ⊆ Uf of f and a neighborhood U of the critical
points for every g ∈ U verifying (3.5) as we wished. 
Next lemma provides the relation between the splitting Eg ⊕ Fg and Vg ⊕Wg.
Given η > 0 and θ > 0 small enough, consider the neighborhoods U and U given in
Proposition 3.1.
Lemma 3.6. For every g ∈ U with Λg well-defined and for every (xi)i ∈ Λg with
x0 = x ∈ U holds
Fg(x) ⊆ C ∗Vg (x, η) and Eg(x) ⊆ CVg (x, η). (3.6)
In particular, it follows that (Dgx(Wg(x)), Fg(g(x))) < θ.
Proof. Without loss of generality, we can assume η > 0 and θ > 0 small enough
such that 0 < η < α, where α is given by the Lemma 3.3 (Uniform angle), implying
that for every g ∈ Uf with Λg nonempty has the angle between Eg and Fg greater
than α, and for every rotation R of angle less than 2η or 2θ holds for every g ∈ U ,
‖R ◦Dg −Dg‖ < ε. (3.7)
In order to prove (3.6) we will show that:
(a) Eg(x) and Fg(x) cannot be contained simultaneously in neither CVg (x, η)
nor C ∗Vg (x, η);
(b) Fg(x) and Eg(x) cannot be contained in CVg (x, η) and C
∗
Vg
(x, η), respec-
tively.
Let us prove item (a). As the angle between Eg and Fg is greater than α, one
concludes that both Eg(x) and Fg(x) cannot be contained in CVg (x, η). On the
other hand, if Eg(x) and Fg(x) are contained in C ∗Vg (x, η), by (3.5) we have that
(Eg(g(x)), Fg(g(x))) ≤ (Eg(g(x)), Dg(Wg(x))) +(Dg(Wg(x)), Fg(g(x))) ≤ 2θ.
Then, we can take a rotation R : Tg(x)M → Tg(x)M such that
R(Fg(g(x))) = Eg(g(x)) and ‖R ◦Dgx −Dgx‖ < ε
which implies, by Lemma 3.2, that some perturbation of g has full-dimensional
kernel which is a contradiction. This proves (a).
To prove (b), we suppose that Fg(x) ⊆ CVg (x, η) and Eg(x) ⊆ C ∗Vg (x, η). Then,
we can take v ∈ C ∗Vg (x, η) such that (R〈v〉, Fg(x)) < 2η and
(R〈Dgx(v)〉, Eg(g(x))) ≤ (R〈Dgx(v)〉, Dg(Wg(x)))
+(Dg(Wg(x)), Eg(g(x))) ≤ 2θ,
and so, there exist two rotationsR0 : TxM → TxM andR1 : Tg(x)M → Tg(x)M such
that R0(Fg(x)) = R〈v〉 and R1(R〈Dgx(v)〉) = Eg(g(x)) with ‖R∗ ◦Dg −Dg‖ < ε,
for ∗ = 0, 1, which contradicts the assumption (?). Therefore, we conclude the
proof of (b), and in consequence, of the lemma. 
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An immediate consequence of Lemma 3.6 is the following.
Lemma 3.7. Given ν > 0 and η > 0 small enough, there exist neighborhoods Uf
of f and U of Cr(f) such that for every g ∈ Uf whose Λg is nonempty, one has
that for (xi)i ∈ Λg with x0 = x ∈ U,
‖Dg |Eg(x) ‖ < ν and ‖Dgx(v)‖ ≥ 2ν, ∀ v ∈ C ∗Vg (x, η). (3.8)
Finally, we can prove Lemma 3.5.
Proof of Lemma 3.5. It follows from Lemma 3.6 that given η > 0 and θ > 0, there
are neighborhoods U of f contained in Uf and U of Cr(f) so that for every g ∈ U
whose Λg is nonempty and (xi)i ∈ Λg with x0 = x ∈ U, one has that:
Eg(x) ⊆ CVg (x, η) and Fg(x) ⊆ C ∗Vg (x, η).
In particular, for all u ∈ C ∗Vg (x, η) we have that (R〈Dg(u)〉, Dg(Wg(x))) < θ.
For (xi)i ∈ Λg, we define the cone-field CEg,Fg (xi, β) with core Fg and length
β > 0 in coordinates Eg ⊕ Fg over (xi)i by:
CEg,Fg (xi, β) = {u1 + u2 ∈ Eg(xi)⊕ Fg(xi) : ‖u1‖ ≤ β‖u2‖}.
Note that the cone-field above is in Eg ⊕ Fg coordinates which may not be an
orthogonal splitting. However, since the angle between Eg and Fg is uniformly
bounded away from zero, we may suppose that η, θ > 0 are chosen small enough so
that for every (xi)i ∈ Λg whose x0 ∈ U follows that:
- for every v ∈ CVg (x0, η) holds (R〈v〉, Eg(x0)) < β;
- for all u ∈ Tx0M holds:
(R〈Dgx0(u)〉, Fg(g(x0))) < 2θ =⇒ Dgx0(u) ∈ CEg,Fg (g(x0), β/2).
Now, assume that (xi)i ∈ Λg is any point satisfying the equation (3.2). That is,
(xi)i satisfies:
‖Dgj |Eg(x0) ‖ ≥
1
2
‖Dgj |Fg(x0) ‖, for each 1 ≤ j ≤ l.
Hence, Lemma 3.7 implies x0 /∈ U. Thus, it remains to show that x1, . . . , xl−1 /∈ U.
Suppose, without loss of generality, that xl−1 ∈ U. Let u = u1 + u2 ∈ Eg(x0) ⊕
Fg(x0) a vector in the closure of TM\CEg,Fg (x0, β), denoted by C ∗Eg,Fg (x0, β). That
is, ‖u1‖ ≥ β‖u2‖. Then, Dgj(u) = Dgj(u1) +Dgj(u2) ∈ Eg(xj)⊕F (xj) satisfying
‖Dgj(u1)‖ = ‖Dgj |Eg(x0) ‖‖u1‖ ≥
β
2
‖Dgj |Fg(x0) ‖‖u2‖ =
β
2
‖Dgj(u2)‖. (3.9)
In other words, Dgj(u) does not belong to CEg,Fg (xj , β/2) for 1 ≤ j ≤ l. On the
other hand, for every w ∈ C ∗Vg (xl−1, η),
(R〈Dg(w)〉, Fg(xl)) ≤ (R〈Dg(w)〉, Dg(Wg(xl−1)))
+(Dg(Wg(xl−1)), Fg(xl)) ≤ 2θ,
and so Dgl−1(u) does not belong to C ∗Eg,Fg (xl−1, η) which implies that Dg
l−1(u) ∈
CVg (xl−1, η), and consequently, (R〈Dgl−1(u)〉, Eg(xl−1)) < β. Finally, assuming
that β > 0 is small enough so that u ∈ CEg,Fg (x0, β) implies (R〈u〉, Fg(x0)) is
small enough, there are two rotations R1 and R2 on Tx0M and Txl−1M , respectively,
such that R1(Fg(x0)) = R〈u〉, R2(R〈Dgl−1(u)〉) = E(xl−1), and ‖R∗ ◦Dg−Dg‖ <
ε, for ∗ = 1, 2. However, by Lemma 3.2 and assumption (?), we get a contradiction.
This concludes the proof. 
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Second step. Domination property on the “lambda-set”.
In order to finish the proof of the Lemma 3.4 (Uniform domination property), we
use the first step to extend the domination property to the corresponding “lambda-
set” for every nearby endomorphism. First let us introduce the following auxiliary
result, the proof will be omitted and can be found in [Pot12, Appendix A].
Lemma 3.8. Given κ > 0 and K > 0, there exists l > 0 such that if A1, ..., Al is
a sequence in GL(2,R) and v, w are unit vectors in R2 verifying:
max
1≤i≤l
{‖Ai‖, ‖A−1i ‖} ≤ K; and ‖Al...A1(v)‖ ≥
1
2
‖Al...A1(w)‖. (3.10)
Then, there exist rotations R1, ..., Rl of angles less than κ such that
RlAl...R1A1(R〈w〉) = Al...A1(R〈v〉).
Let U and U given by Lemma 3.5 in the first step. We now prove the following.
Claim 1: There exists l ≥ 1 such that for every (xi)i ∈ Λg there exists an integer
j := j((xi)i), 1 ≤ j ≤ l, such that,
‖Dgj |Eg(x0) ‖ ≤
1
2
‖Dgj |Fg(x0) ‖. (3.11)
Proof of Claim 1. For every g ∈ U , either Cr(g) is empty or Cr(g) is contained in
U. Then, there are K ≥ max{‖Dgy‖, ‖Dg−1y ‖} uniformly in M\U, for every g ∈ U ,
and κ > 0 small enough such that any rotation R of angle less than κ satisfies:
‖R ◦Dg −Dg‖ < ε, for all g ∈ U .
Fix l1 ≥ 1 as in Lemma 3.8. Suppose now that (3.11) does not hold. In particular,
for l ≥ l1 there exists (xi)i ∈ Λg such that
‖Dgj |Eg(x0) ‖ ≥
1
2
‖Dgj |Fg(x0) ‖. (3.12)
for every 1 ≤ j ≤ l. By Lemma 3.5, we have that x0, x1, . . . , xl−1 /∈ U. And so,
for each 1 ≤ j ≤ l, Aj = Dgxj−1 verifies Lemma 3.8. Consequently, there exist
rotations R1, . . . , Rl so that:
‖RjAj −Aj‖ < ε, 1 ≤ j ≤ l; and RlAl · · ·R1A1(Fg(x)) = Eg(gl(x)).
By Lemma 3.2 and the assumption (?), we get a contradiction. This concludes the
proof of Claim 1. 
Fix l1 ≥ 1 given by Lemma 3.8. It satisfies Claim 1, that is, for every g ∈ U
whose Λg is nonempty such that for each (xi)i ∈ Λg, there exists an integer j0 :=
j((xi)i), 1 ≤ j ≤ l1, verifying:
‖Dgj0 |Eg(x0) ‖ ≤
1
2
‖Dgj0 |Fg(x0) ‖. (3.13)
Finally, in order to conclude the proof of the Lemma 3.4 (Uniform domination
property) remains to show the following assertion.
Claim 2: There exists ` ≥ 1 such that for every (xi)i ∈ Λg,
‖Dg` |Eg(x0) ‖ ≤
1
2
‖Dg` |Fg(x0) ‖.
We emphasize that ` is uniform in U .
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Proof of Claim 2. Assume ` greater than l1. Let j0 = j((xi)i), 1 ≤ 1 ≤ l1, such
that:
‖Dg` |Eg(x0) ‖ = ‖Dg`−j0 |Eg(xj0 ) ‖‖Dgj0 |Eg(x0) ‖
≤ 1
2
‖Dg`−j0 |Eg(xj0 ) ‖‖Dgj0 |Fg(x0) ‖.
Then, repeating r-times the process, we obtain Lr = `−
∑r−1
i=0 ji with 1 ≤ Lr ≤ l1
such that:
‖Dg` |Eg(x0) ‖ ≤
(
1
2
)r
‖DgLr |Eg(xjr−1 ) ‖‖Dg`−Lr |Fg(x0) ‖
≤
(
1
2
)r
C0‖Dg` |Fg(x0) ‖,
where C0 is such that:
C0 ≥ maxx∈M{‖Dg
i
x‖ : i = 1, 2, . . . , l1}
min{2ν,min‖v‖=1{‖Dg(v)‖l1 : x ∈M\U}} (3.14)
with ν > 0 given by Lemma 3.7.
Remark 3.2. The constant C0 is well-defined, since Fg(x) ⊆ C ∗Vg (x, η) in U and
by the fact that min‖v‖=1 ‖Dgx(v)‖ is positive in M\U. In particular, we can take
C0 uniform for the neighborhood U .
Therefore, taking ` ≥ 1 large enough such that (1/2)rC0 ≤ 1/2, we have for each
(xi)i ∈ Λ that:
• for τ+0 ≥ `,
‖Dg` |Eg(x0) ‖ ≤
1
2
‖Dg` |Fg(x0) ‖;
• for τ+0 < `, ‖Dg` |Eg(x0) ‖ = 0. In particular,
‖Dg` |Eg(x0) ‖ = 0 ≤
1
2
‖Dg` |Fg(x0) ‖.
This concludes the proof of Claim 2 and, consequently, the Lemma 3.4 (Uniform
domination property). 
4. Consequences of Main Theorem
In this section we introduce an auxiliary result that will be used for proving
Theorem B stated in Section §1. Both results are proved in this section. Recalling
that Theorem B asserts that the torus and the Klein bottle are the only surfaces
that admit robustly transitive endomorphisms. Concretely,
Theorem 4.1. If f ∈ End1(M) is a robustly transitive endomorphism displaying
critical points, then Mf admits a dominated splitting for f .
Before proving the theorem above, we prove Theorem B.
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4.1. Proof of Theorem B. Assuming Theorem 4.1, denote by E ⊕ F the dom-
inated splitting over Mf for f . Thus, by Remark 2.2, we have that E induces a
continuous subbundle on TM over M , by slight abuse of notation it is denoted by
E as well. Let (M˜, p, p∗(E)) be the double covering of E over M . Hence, since the
subbundle p∗(E) of TM˜ is orientable, we can define a vector field X : M˜ → TM˜
such that X(x) 6= 0 ∈ p∗(E). Therefore, one gets that χ(M˜) = 0, and so, χ(M) = 0.
Thus, M is either the torus T2 or the Klein bottle K2. This complete the proof of
Theorem B. 
We now prove Theorem 4.1.
4.2. Proof of Theorem 4.1. Let Uf ⊆ End1(M) be a neighborhood of f such
that every g ∈ Uf is transitive. By the Key Lemma stated in Section §1, we have
that every g ∈ Uf satisfies the assumption (?), recalling that this assumption says
that | ker(Dgn)| ≤ 1, for all g ∈ Uf and n ≥ 1.
Define D as the subset of Uf given by,
D = {g ∈ Uf : int(Cr(g)) 6= ∅}. (4.1)
Observe that since every g ∈ D is transitive and int(Cr(g)) 6= ∅, then Λg is dense
in Mg, recall (∗) in Section §1 and §3.1.
Lemma 4.1. For any g ∈ Uf whose Cr(g) 6= ∅ and any neighborhood U ⊆ Uf of
g, holds that D ∩ U 6= ∅. In particular, D contains a family of endomorphisms
converging to f .
Proof. Suppose, without loss of generality, that int(Cr(g)) is empty and let p in
Cr(g). By Franks’ Lemma, we can consider two sequences, the first one (Bn)n of
neighborhoods of p and the other one (gn)n in U such that for all n ≥ 1 holds:
- int(Cr(gn)) ⊆ Bn, gn(x) = Dgp for x ∈ int(Cr(gn)), and the diameter of
Bn goes to zero as n goes to infinity;
- gn converges to g in End
1(M), and int(Cr(gn)) 6= ∅ for every n;
- gn |M\Bn= g and gn(p) = g(p).
This proves the lemma. 
Assume, up to changing the neighborhood of f , Uf satisfies the Lemma 3.4
(Uniform domination property), recall Section §3. Considering the family (fn)n in
D converging to f given by Lemma 4.1, the Main Theorem implies that each fn
admits a dominated splitting En ⊕ Fn verifying:
∃α > 0, ` ≥ 1 such that ∀(xi)i ∈Mfn , i ∈ Z, and n ≥ 1,
(En(xi), Fn(xi)) > α and En ≺` Fn. (4.2)
On the other hand, by Lemma 2.4, we can find a family of cone-fields CEn of uniform
angle (length) such that
Df `n(C
∗
En(x)) ⊆ int(C ∗En(x)) and TxM = En(x)⊕ C ∗En(x),
for all x ∈ M . Furthermore, the uniqueness of the domination property implies
that the following limits are well-defined,
E(x) = limEn(x) and C
∗
E(x) = limC
∗
En(x). (4.3)
And so, we have that for every x ∈M ,
Df `(C ∗E(x)) ⊆ int(C ∗E(x)) and TxM = E(x)⊕ C ∗E(x).
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Hence completes the proof of Theorem 4.1. 
5. Homotopy classes
This section is devoted to the proof of Theorem C, Corollaries C.1 and C.2,
stated in Section §1. Let us recall using a revisited version of Theorem C.
Theorem C. If f ∈ End1(M) is a transitive endomorphism admitting a domi-
nated splitting. Then, the action of f on the first homology group has at least one
eigenvalue with modulus larger than one.
Throughout this section, we denote by E a Df -invariant continuous subbundle
of TM and C a continuous invariant cone-field on M transverse to E, recalling
that if x ∈ Cr(f) then E(x) = ker(Dfx). To prove Theorem C, we first show
that the length of the iterates of an arc γ tangent to the cone-field C by f grows
exponentially. Afterward, we find a relation between the γ iterates growth and the
volume growth of the balls containing the iterates of γ, allowing us to conclude the
proof of Theorem C. Furthermore, the exponential growth of the iterates by f of a
tangent arc to the cone-field is the first step in order to find an expanding direction
for f. This is proved in Section §6, recalling that one of our goals is to prove that
f is partially hyperbolic, hence completing the proof of Theorem A.
5.1. Topological expanding direction. Let us fix some notion that will be used
along this section. An u-arc is an injective Lipschitz curve γ : [0, 1] → M such
that γ′ ⊆ C , where γ′ denotes the set of tangent vectors to γ. In other words, all
tangent vectors to γ are contained in the cone and the Lipschitz constant of γ is
uniform bounded by the length of the cone. We denote by `(γ) the length of γ.
Theorem 5.1. For every u-arc γ, the length of fn(γ) grows exponentially.
The proof of the theorem above is an adaptation of [PS07] in our context. For
completeness we present here the details.
Definition 5.1. We say that an u-arc γ is a δ-u-arc provided the next condition
holds:
`(fn(γ)) ≤ δ, for every n ≥ 0. (5.1)
In other words, a δ-u-arc is an u-arc such that the length of the forward iterates
remain bounded.
The main idea for proving Theorem 5.1 is to ensure that there is no δ-u-arc.
Hence, we will study some consequences in case this kind of arcs exist. The first
one is the following.
Lemma 5.1. There exist 0 < λ < 1, δ > 0, C > 0, and n0 ≥ 1 such that given
δ-u-arc γ and x ∈ fn0(γ) one has that:
‖Df j |E(x) ‖ < Cλj , for every j ≥ 1. (5.2)
Proof. By the domination property, there exists ` ≥ 1 such that
‖Df ` |E(x) ‖ ≤ 1
2
‖Df `(v)‖, (5.3)
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for all v ∈ C (x) with ‖v‖ = 1, and x ∈M . By continuity, given a small a > 0 there
are δ0, θ1 > 0 such that for every x, y with d(x, y) < 2δ0 and v ∈ C (x), w ∈ C (y),
with (w, v) < θ1 4, follows that:
- ‖Dfx(v)‖ ≥ (1− a)‖Dfy(w)‖;
- ‖Df |E(y) ‖, ‖Df |E(x) ‖ < a, if x, y ∈ B(Cr(f), δ0); and,
- ‖Df |E(x) ‖ ≤ (1 + a)‖Df |E(y) ‖, if y /∈ B(Cr(f), δ0),
where B(Cr(f), δ0) = {x ∈M : d(x,Cr(f)) < δ0}, recalling that Cr(f) is the set of
the critical points.
Since C is a continuous Df -invariant cone-field, we fix 0 < δ < δ0 and n0 ≥ 1
large enough so that for every x, y ∈ M with d(x, y) ≤ δ and v ∈ fn0(C (x)), w ∈
fn0(C (y)), we have that (w, v) < θ1. Thus, taking β > 0 so that 1 < (1− a)(1 +
β) < 2, one can obtain for every δ-u-arc γ and t ∈ [0, 1] that:
‖Dfk |R〈γ′n0 (t)〉 ‖ ≤ (1 + β)
k (5.4)
for k sufficiently large and γn(t) = f
n(γ(t)).
Indeed, assume that γ := γn0 is parametrized by the arc length. Suppose, by
contradiction, that there exists a sequence (kj)j going to infinity as j goes to infinity
such that:
‖Dfkj |R〈γ′(tj)〉 ‖ > (1 + β)kj .
Since `(γn) ≤ δ, one has that d(γn(t), γn(s)) ≤ δ for every t, s ∈ [0, 1]. Thus, for
every t ∈ [0, 1],
‖Dfkj (γ′(t))‖(1− a)kj‖Dfkj (γ′(tj))‖ ≥ ((1− a)(1 + β))kj .
In particular, we would have that `(fkj (γ)) ≥ ((1− a)(1 + β))kj `(γ), contradicting
that γ is a δ-u-arc. Hence, the equation (5.4) holds.
Finally, choosing β > 0 such that 1 < ((1−a)(1+β))` < 2 follows that for k ≥ 1
large enough,
‖Dfk` |E(x) ‖ ≤ λk`, for all x ∈ γ, (5.5)
where λ ∈ (0, 1) is chosen so that ((1 − a)(1 + β))`/2 < λ` < 1. This shows that
equation (5.2) holds. 
Note that λ ∈ (0, 1) above can be taken uniformly for every δ-u-arc with 0 <
δ < δ0. From now on, we fix 0 < λ < 1 and 0 < δ < δ0 as in Lemma 5.1 and λ
′ > 0
such that (1 + a)λ < λ′ < 1. Up to replacing by iterates, we assume for the next
result that γ satisfies Lemma 5.1. The following result provides the existence of the
local stable manifold for each point belonging to a δ-u-arc γ.
Lemma 5.2. There exists α > 0 such that for every x ∈ γ, there is a unique curve
ξx : (−α, α)→M orientation preserving satisfying:{
ξ′x(t) ∈ E(ξ(t)) with ‖ξ′x(t)‖ = 1;
ξx(0) = x.
(5.6)
Proof. Peano’s Theorem guarantee the existence of an interval I = (−α0, α0) where
there exists at least one solution defined on it. Suppose by contradiction that
ξ0, ξ1 : I →M are two different solutions of (5.6). For 0 < α < α0, consider the set
Dα of all points y ∈M such that there exists a solution ξx of (5.6) with ξx(α) = y.
4The angle between v and w is calculated using the local identification TM |U= U × R2.
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It is easy to see that Dα is a connected compact set in M . Then, by the proof of
Lemma 5.1,
‖Df |E(y) ‖, ‖Df |E(x) ‖ < a, if x, y ∈ B(Cr(f), δ0); and,
‖Df |E(x) ‖ ≤ (1 + a)‖Df |E(y) ‖, if y /∈ B(Cr(f), δ0).
Denote by Q the region bounded by ξ0, ξ1 and Dα as in Figure 2. Since for all
Figure 2. Bounded region Q.
y ∈ Q there exists a solution ξx of (5.6) with y = ξx(t) for some 0 < t < α, one has
that
d(fn(y), fn(x)) ≤ `(fn ◦ ξx) |t0 ≤ ‖Dfn |E(x) ‖(1 + a)n`(ξx)
≤ Cλn(1 + a)nα ≤ Cλ′nα. (5.7)
In other words, the diameter of the set fn(Q) goes to zero as n goes to infinity.
Thus, by transitivity of f , we can choose n ≥ 1 such that the diameter of fn(int(Q))
is small enough so that fn(int(Q)) ⊆ Q which contradicts the transitivity. 
Finally, for ε > 0 small enough, denote the set {ξx(t) : t ∈ (−ε, ε)} by W sε (x).
In particular,
y ∈W sε (x) =⇒ d(fn(x), fn(y))→ 0, as n→ +∞.
Remark 5.1. It should be noted that α0 > 0 can be taken uniform in Peano’s
Theorem. In particular, fixed δ0 > 0 and 0 < α < α0, we have that for δ-u-arc
γ with 0 < δ < δ0, the size of the local stable manifold can be taken uniform. By
uniqueness of the solution of the equation (5.6) and the invariance of E by Df , we
have that for n ≥ 1 large enough,
fn(W sε (x)) ⊆W sε (fn(x)),∀x ∈ γ. (5.8)
Let us call by box the following open set,
W sε (γ) =
⋃
x∈γ
W sε (x). (5.9)
The next result characterizes the dynamic of a δ-u-arc and ensures that its
existence is an obstruction for transitivity. The proof is inspired in [PS07, Theorem
3.1] and gives a characterization of the ω-limit of a δ-u-arc γ, denoted by ω(γ). For
completeness we present the proof adapted to our setting as follows.
Theorem 5.2. If γ is a δ-u-arc with 0 < δ ≤ δ0, then one of the following properties
holds:
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1. ω(γ) ⊆ β˜, where β˜ is a periodic simple closed curve normally attracting.
2. There exists a normally attracting periodic arc β˜ such that γ ⊆W sε (β˜).
3. ω(γ) ⊆ Per(f), where Per(f) is the set of the periodic points of f. Moreover,
one of the periodic points is either a semi-attracting periodic point or an
attracting one (i.e., the set of points y ∈ M such that d(fn(p), fn(y))→ 0
contains an open set in M).
Proof. Let γn := f
n(γ). By transitivity of f , there exists n0 ≥ 1 large enough
verifying the equation (5.8) and
W sε (γ) ∩W sε (γn0) 6= ∅. (5.10)
Consequently, W sε (γ(k−1)n0 ) ∩W sε (γkn0 ) 6= ∅.
If `(γ
kn0
) goes to zero as k goes to infinity, then ω(γ) consist of a periodic orbit.
Indeed, if `(γkn0) → 0, then `(γn) → 0 as n → ∞. Let p be an accumula-
tion point of γkn0 . That is, there exist a subsequence (kj)j and x ∈ γ such that
fkjn0(x) → p. In particular, as `(γn) → 0, one has γkjn0 → p as j → ∞, and by
(5.10), it follows that the limit is independent of the subsequence (kj)j , and so, we
have γ
kn0
→ p as k →∞. Hence, γ
kn0+r
→ fr(p) for 0 ≤ r ≤ n0− 1, implying that
p is a periodic point. Thus, for every x ∈ γ we have that ω(x) consist only of the
periodic orbit of p. This proves item (3).
On the other hand, if limk→+∞ `(γkn0 ) ≥ c > 0, then there exists a subsequence
(kj)j such that γkjn0 → β, where β is an arc which is at least C1 and tangent to
C ∗E , since
γ′(t−) = lim
s→0(s<0)
γ(t+ s)− γ(t)
s
and γ′(t+) = lim
s→0(s>0)
γ(t+ s)− γ(t)
s
belong to C ∗E , and so lim
j→∞
Dfkjn0(γ′(t−)) = lim
j→∞
Dfkjn0(γ′(t+)).
Observe that fn0(β) is the limit of fkjn0(γn0) and, by (5.10), β ∪ fn0(β) is a
C1-curve. Let
β˜ =
⋃
k≥0
fkn0(β). (5.11)
Let us prove that there are two possibilities: either β˜ is an arc or a simple closed
curve.
In order to prove it, first note that for every k ≥ 0 the curve fkn0(β) is a δ-u-arc.
In particular, for each x ∈ β˜ there exists ε(x) > 0 such that W sε(x)(x) is the local
stable manifold for x. Thus, the set
W s(β˜) =
⋃
x∈β˜
W sε(x)(x)
is a neighborhood of β˜.
Finally, we show that given x ∈ β˜ there exists a neighborhood B(x) of x in M
such that B(x) ∩ β˜ is an arc which implies that β˜ is a simple closed curve or an
interval.
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Let x ∈ β˜. Note that x ∈ fk1n0(β) for some k1 ≥ 0 by (5.11). Taking I an open
interval in fk1n0(β) containing x and B(x) neighborhood of x with diam(B(x)) <
c/2 such that
B(x) ⊆W s(β˜) and B(x) ∩ β1 ⊆ I,
where β1 is an interval containing f
k1n0(β) with `(β1) ≥ c/2.
Now, we claim that for every y ∈ β˜ ∩B(x), one has that y ∈ I.
Indeed, assume, without loss of generality, that y ∈ fk2n0(β). Since
fk∗n0(β) = lim
j→∞
fkjn0+k∗n0(γ) for ∗ = 1, 2,
and as both have nonempty intersection with B(x), we conclude that, for some
j, fkjn0+k1n0(γ) and fkjn0+k2n0(γ) are linked by a local stable manifold. Hence
fk1n0(β) ∩ fk2n0(β) is an arc β′ tangent to C ∗E . Therefore, y ∈ B(x) ∩ β′ ⊆ β1.
This completes the proof that β˜ is an arc or a simple closed curve. Furthermore,
since fn0(β˜) ⊆ β˜, it follows that for every x ∈ γ, ω(x) is the ω-limit of a point in
β˜, hence item (1) or item (2) holds, completing the proof of the theorem. 
As a consequence we have the following result.
Corollary 5.1. There is not δ-u-arc provided δ small.
Proof. From Theorem 5.2 follows that the ω-limit of a δ-u-arc is either a periodic
simple closed curve normally attracting, or a semi-attracting periodic point, or
there exists a normally attracting periodic arc. In any case, it contradicts the fact
that f is transitive. 
Lemma 5.3. For δ > 0 small enough, there exists n0 ≥ 1 such that for every u-arc
γ with δ/2 ≤ `(γ) ≤ δ, one has that `(fn(γ)) ≥ 2δ for some 0 ≤ n ≤ n0.
Proof. Otherwise, we should have a sequence (γn)n of u-arc so that for each n ≥ 1,
one has that:
`(f j(γn)) ≤ 2δ for every 1 ≤ j ≤ n.
Since γ′n ⊆ C , we have that the Lipschitz constant of γn is uniformly bounded.
In particular, the family {γn}n is uniformly bounded and equicontinuous. That is,
- d(γn(t), γn(0)) ≤ δ for every t ∈ [0, 1] and n ≥ 1;
- ∀ε > 0,∃ν > 0 such that for every n ≥ 1,
∀ t, s ∈ [0, 1], |t− s| < ν =⇒ d(γn(t), γn(s)) < ε.
Then, by Arzela`-Ascoli’s Theorem, up to taking a subsequence, γn converges uni-
formly to the 2δ-u-arc γ, since γ is a Lipschitz curve with `(fk(γ)) ≤ 2δ and γ′ ⊆ C ,
contradicting the Corollary 5.1. 
Finally, we prove the main result of this section.
Proof of Theorem 5.1. Fix δ > 0 small enough and n0 ≥ 1 as in Lemma 5.3. Note
that there exists ρ > 0 such that every u-arc γ with `(γ) larger than δ/2 verifies
that `(f j(γ)) ≥ ρ, for every 1 ≤ j ≤ n0. Otherwise, there exists a sequence of
u-arc γn satisfying `(γn) ≥ δ/2 and `(f j(γn))→0 as n→ +∞, for some 1 ≤ j ≤ n.
Then, by Arzela`-Ascoli’s Theorem, up to take a subsequence, there exists an u-arc
γ satisfying γ = lim γn with `(γ) ≥ δ/2 and `(f j(γ)) = 0. Therefore, there exists
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t ∈ (0, 1) such that γ′(t) ∈ ker(Df j) which contradicts the fact that C is transversal
to the kernel.
Now let us prove that if `(γ) ≥ δ then `(f j(γ)) grows exponentially.
By the observation above and Lemma 5.3, there exists 1 ≤ j1 ≤ n0 such that
`(f j1(γ)) ≥ 2δ. Thus, f j1(γ) can be divided in two u-arcs, γ1 and γ2, each one
with length larger than δ. Repeating the process, we get that `(f jn0(γ)) ≥ 2jρ, for
every j ≥ 1, finishing the proof. 
5.2. Proof of Theorem C. Let us prove the main goal of Section §5. Consider
the lift of the structure we have on M to its universal cover R2. Denote by E˜
and C˜ , the lifts of the subbundle E and the cone-field C , respectively. Assume E˜
orientable. Let f˜ : R2 → R2 be the lift of f . We use tilde to denote the tangent
curves to C˜ and points in R2 as well. Consider the following balls centered at a
curve γ˜ and x˜, respectively,
B(γ˜, ε) = {y˜ ∈ R2 : d(y˜, γ˜) < ε} and B(x˜, ε) = {y˜ ∈ R2 : d(x˜, y˜) < ε}.
Lemma 5.4. There exist ε > 0 and C > 0 such that for every γ˜ : [0, 1] → R2 of
C1 class with γ˜′ ⊆ C ∗
E˜
, holds
area(B(γ˜, ε)) ≥ C`(γ˜). (5.12)
Proof. First, if γ˜ is such that γ˜′ ⊆ C ∗
E˜
, then γ˜ is a simple curve. That is, γ˜ : [0, 1]→
R2 is injective. In fact, suppose, without loss of generality, that γ˜(0) = γ˜(1). Let
D be a disk such that its boundary ∂D is the curve γ˜. Since E˜ is orientable and
transverse to ∂D, we may define a non-vanishing vector field on D. However, by
Poincare´-Bendixson Theorem, every continuous vector field on D transversal to ∂D
has a singularity. Therefore, we cannot have γ˜(t) = γ˜(s) with t 6= s in [0, 1].
Second, let us prove that there exists ε > 0 so that for any ball B(x˜, ε) the
intersection B(x˜, ε) ∩ γ˜ has at most one connected component.
Fix ε > 0 small enough such that the tangent curve to E˜ passing through the
point x˜ divides B(x˜, ε) in two connected components. It is possible, because E˜
induces a continuous vector field on R2 and it is bounded. Now, suppose that
γ˜(t1) ∈ B(γ˜(t0), ε) for some 0 ≤ t0 < t1 ≤ 1. Since γ˜′ ⊆ C ∗E˜ , we can take a disk
D such that the distribution E˜ induce a continuous vector field on D (D is a disk
whose boundary is the union of a tangent curve to E˜ from γ˜(t1) to γ˜(t0) and γ˜).
Then, repeating the same arguments one gets, by Poincare´-Bendixson Theorem,
Figure 3. The distribution E˜ and disk D.
that such vector field has a singularity on D, which is a contradiction, and hence,
follows the assertion. Therefore, we conclude that there exists ε > 0 such that
B(x˜, ε) ∩ γ˜ has at least one component.
26 C. LIZANA AND W. RANTER
Finally, given L0 ≥ 1 large, up to changing ε, we can assume that every C1
tangent curve to the cone-field with length larger than L0 is not contained in a ball
of radius ε. Thus, assume `(γ˜) L0. Then, consider k ≥ 1 the largest integer less
or equal to `(γ˜)/L0 and the set {x˜1, ..., x˜k} contained in γ˜ such that the curve γ˜j in
γ˜ that passes through x˜j has length L0 and {B(x˜j , ε/2)}j are two-by-two disjoints.
Thus, we have that:
area(B(γ˜, ε)) ≥
∑
1≤j≤k
area(B(x˜j , ε/2)) ≥ C0 `(γ˜)
2L0
,
where C0 is the area of the ball of radio ε/2. Therefore, taking C = C0/2L0 follows
the equation (5.12). 
Now we are able to prove Theorem C which is inspired in [BBI04, Theorem 1.1].
Proof of Theorem C. It is well known that there exists a unique square matrix A
with integers entries such that f˜ = A+ φ, where φ is pi1(M)-periodic map, that is,
φ(x˜+v) = φ(x˜) for every v ∈ pi1(M) and x˜ ∈ R2. Assume by contradiction that the
absolute value of all the eigenvalues of A are less or equal to one. Thus, the diameter
of the images of every compact set under the iterates of f˜ grows sub-exponentially.
Let Bn be a ball centered at x˜n ∈ γ˜n with radius equal to the length of γ˜n plus
ε, where γ˜n is the image by f˜
n of a C1-curve γ˜ with γ˜′ ⊆ C ∗
E˜
, and ε > 0 is given by
Lemma 5.4. Since the length of γ˜n grows sub-exponentially, we have that the area
of Bn grows sub-exponentially. Since Bn contains the neighborhood B(γ˜n, ε) of γ˜n
and Lemma 5.4, we have that:
area(Bn) ≥ area(B(γ˜n, ε)) ≥ C`(γ˜n).
However, Theorem 5.1 implies that the length of γ˜n grows exponentially, getting a
contradiction. Thus, A must have at least one eigenvalue with modulus larger than
one. 
Finally, we prove Corollaries C.1 and C.2 stated in Section §1.
Proof of Corollary C.1. The proof follows immediately from the fact that partially
hyperbolic endomorphisms admits an unstable cone-field which implies that the
iterates of any C1 tangent arc to the unstable cone-field grows exponentially. And
so, we can repeat the same argument as in the proof of Theorem C. 
Proof of Corollary C.2. Let f ∈ End1(M) be a robustly transitive endomorphism.
Note that f either admits a dominated splitting or not.
Assuming f admits a dominated splitting, then Theorem C implies that f is
homotopic to a linear map having at least one eigenvalue with modulus larger than
one, proving our assertion.
On the other hand, if f does not admit a dominated splitting, Theorem 4.1
implies that the set of its critical points is empty, then f is a local diffeomorphism.
Observe that if f is approximated by an endomorphism which admits a dominated
splitting, then Theorem C implies that f is homotopic to a linear map having
at least one eigenvalue with modulus larger than one. Hence, it can be assumed
that f is a robustly transitive endomorphism (local diffeomorphism) which has no
dominated splitting in a robust way, that is, there exists a neighborhood W of
f in End1(M) such that for every g ∈ W does not admit a dominated splitting.
Since [LP13, Theorem 4.3], f is volume expanding. Therefore, using the same
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arguments as in the proof of Theorem C, we have that if the absolute value of all
the eigenvalues of A, as in Theorem C, are less or equal to one, then the area of
the ball grows sub-exponentially, contradicting that f is volume expanding, and
finishing the proof. 
6. Expanding direction
Let f ∈ End1(M) be a robustly transitive endomorphism displaying critical
points. By Theorem 4.1, f admits a dominated splitting. That is, there exist ` ≥ 1
and a splitting E ⊕ F of TM so that for all (xi)i ∈Mf and i ∈ Z,
- Df(E(xi)) ⊆ E(f(xi)) and Df(F (xi)) = F (f(xi));
- the angle between E and F is uniform bounded away from zero; and,
- ‖Df ` |E(xi) ‖ ≤ 12‖Df ` |F (xi) ‖.
Or equivalently, there exist a Df -invariant continuous subbundle E of TM and a
Df -invariant continuous cone-field C : x ∈M 7→ C (x, η) transverses to E. Recall-
ing that Proposition 2.4 shows that both notion of dominated splitting, ([PH1]) in
Section 1 and Definition 2.1 in Section 2, are equivalent.
This section is devoted for finishing the proof of Theorem A. Recalling Theorem
5.1, we have proved so far that the iterates of any arc γ tangent to C grows expo-
nentially. Thus, it remains to be proved the existence of a real number λ > 1 such
that ‖Df ` |F (xi) ‖ ≥ λ for all (xi)i ∈ Mf and i ∈ Z, that is, to show that F is an
uniform expanding subbundle.
In order to prove the previous assertion, we assume by contradiction that F is
not expanding and use the domination property to prove for every u-arc γ holds
that the subbundle E on γ is contracting, recall that γ is a tangent arc to C (x, η).
Then, taking a small box W (γ), we have that its iterates expands on the cone
direction and contracts on the E direction. Finally, we use that the iterates of
the box intersects itself infinitely many times to create, up to a perturbed, a sink,
contradicting that the map is robustly transitive.
Let us denote by γx : [−1, 1] → M an u-arc of C1 class with γx(0) = x ∈ M
having the same order of [−1, 1]. Follow directly from the fact that E induce locally
a non-vanishing vector field transverse to the cone-field C and Peano’s Theorem
that, for all y ∈ γx, there exists ξy : (−α, α) → M such that ξy(t) ∈ E(ξy(t)) with
‖ξ′y(t)‖ = 1 for all t ∈ (−α, α) and ξy(0) = y. Let
¯
ξ, ξ¯ : (−α, α) → M be two
tangent curves to the subbundle E with
¯
ξ(0) = γx(−1) and ξ¯(0) = γx(1). Define a
ν-box centered at γx with
¯
ξ and ξ¯ as the bottom and top of the box, respectively,
by:
Wν(γx,
¯
ξ, ξ¯) =
{
ξy(t) ∈M
∣∣
¯
ξ ≤ ξy(t) ≤ ξ¯ for all |t| ≤ ν
}
, (6.1)
where `(ξy |[0,±ν]) = ν since ξy is parameterized by arc length, and
¯
ξ ≤ z ≤ ξ¯ means
that every u-arc γz with length larger than `(γx), one has that
¯
ξ(t), ξ¯(t′) ∈ γz for
some t, t′ ∈ (−α, α) and
¯
ξ(t) ≤ z ≤ ξ¯(t′) in the induced order by γz. By simplicity,
we denote by ∂−Wν and ∂+Wν , the bottom and the top of the ν-box, respectively,
in case there is no confusion about the center, bottom and the top of the ν-box.
6.1. Existence of a periodic point. The following result will be used to create
a box which is expanding on the cone direction and contracting on the E direction.
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Lemma 6.1. Suppose that there exist 0 < λ < 1, C > 0 such that for some x ∈M
holds,
‖Dfn |E(x) ‖ ≤ Cλn, ∀n ≥ 1. (6.2)
Then, for every ν > 0 small and N ≥ 1 large, there is a periodic point p of period
l ≥ N so that d(f j(p), f j(x)) < ν for each 0 ≤ j ≤ l − 1.
Proof. Fix a > 0 so that (1 + a)λ < 1. By continuity of y 7→ ‖Df |E(y) ‖, there is
ν0 > 0 such that:
- ‖Df |E(z) ‖ < a for every z ∈ B(Cr(f), ν0);
- ‖Df |E(y) ‖ ≤ (1 + a)‖Df |E(z) ‖, ∀y, z ∈M with d(y, z) < ν0.
Thus, whenever d(f j(y), f j(x)) ≤ ν0 for each 0 ≤ j ≤ n− 1, we have that:
‖Dfn |E(y) ‖ ≤ C((1 + a)λ)n.
Fix 0 < ν < ν0 small enough and N ≥ 1 large enough so that for every u-arc γ
with `(γ) ≥ ν/2 one has `(fn(γ)) ≥ 2nρ, for n ≤ N, where ρ > 0 is given in the
proof of Theorem 5.1. Moreover, choose n0 ≥ 1 so that 2n0ρ ≥ 2ν and N ≥ n0.
Since the connected components γ−x = γx |[−1,0] and γ+x = γx |[0,1] of an u-arc γx are
u-arcs as well, we can assume, without loss of generality, that the length of fn(γ±x )
are larger than 2ν0 for every n ≥ n0. On the other hand, if the ν-box Wν(γx,
¯
ξ, ξ¯) is
contained in B(x, ν0), then for all ξy(t) ∈Wν(γx,
¯
ξ, ξ¯), for all t ∈ [0, ν], one verifies
that:
`((f ◦ ξy) |[0,t]) =
∫ t
0
‖(f ◦ ξy)′(s)‖ds
≤
∫ t
0
‖Df |E(ξy(s)) ‖‖ξ′y(s)‖ds ≤ C((1 + a)λ)t, ∀t ∈ [0, ν].
(6.3)
Denote by γn the connected component of f
n(γx) in the ball B(f
n(x), ν0) con-
taining fn(x), and by Wn the ν-box centered at γn, assuming W0 = Wν . Moreover,
suppose that 0 < ν < ν0 small enough so that for every y ∈ Wn and u-arc γy with
`(γy) ≥ 2ν holds γy t ∂±Wn 6= ∅. We define by induction the following strips:
D0 = Wν and Dn = f(Dn−1) ∩Wn. (6.4)
Observe that as E is Df -invariant, one has that f ◦ ξy, up to parametrizing by
arc length, is an arc of the form ξf(y). Therefore, for every y ∈ Dn there exists
ξ0 : [0, t0]→ B(x, ν0) such that ξ0(0) ∈ γx and ξ0(t0) = y0 verifying fn(y0) = y and
ξi(t) = (f
i ◦ ξ0)(t) belongs to Di, for all t ∈ [0, t0] and i = 1, ..., n. In particular,
ξi(t) ∈ B(f i(ξ0(0)), ν) for all t ∈ [0, t0], and so, one has that:
`(ξi |[0,t]) ≤
∫ t
0
‖(f i ◦ ξ0)′(s)‖ds ≤ C((1 + a)λ)it, ∀t ∈ [0, t0].
Thus, diam(Dn) goes to zero as n goes to infinity.
Since f is transitive, we can find (zn)n with zn and f
ln(zn) converging to x as
n goes to infinity. In particular, the u-arc γln in Dln verifies γln t ∂±D0 6= ∅.
Roughly speaking, for every l ≥ N we have that f acts on Dl expanding in
the “vertical” direction (cone-field C ) and contracting in the “horizontal” direction
(tangent to E).
Therefore, fixing ln as above, there exists D
′
0 ⊆ D0 such that f ln : D′0 −→ Dln .
Then, we can find a periodic point of period ln as follows:
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Figure 4. The action of f .
Step 1. Repeating the process with D′0 ∩ Dln by fkln we obtain a sequence of
“vertical” boxes (Γk)k such that:
Γ1 ⊇ Γ2 ⊇ · · · ⊇ Γk ⊇ · · ·
where
⋂
k Γk = Γ is a “vertical” curve transverse to the box.
Step 2. Similarly, we have a sequence of “horizontal” boxes (Σk)k such that:
Σ1 ⊇ Σ2 ⊇ · · · ⊇ Σk ⊇ · · ·
where
⋂
k Σk = Σ is a “horizontal” curve.
Step 3. Therefore, Γ ∩ Σ = {p} is a periodic point of period ln.
Figure 5. Existence of a periodic point.
Observe that d(x, p) < ν and f i(p) ∈ Di for each i = 0, ..., ln − 1. In particular,
d(f i(p), f i(x)) < ν for i = 0, . . . , ln − 1, finishing the proof. 
Finally, we prove Theorem A.
6.2. Proof of Theorem A. In Theorem 4.1, we proved that every f robustly
transitive endomorphism displaying critical points admits a dominated splitting.
Let us denote it by E ⊕ F . Recall that for any (xi)i ∈ Mf , the subbundles E and
F at (xi)i are denoted by E(x0) and F (x0), and the action of f on Mf is the shift
map on Mf , that is, f
n((xi)i) = (xn+i)i for n ∈ Z.
From now on, we will use a classical idea to create sinks using the domination
property and vanishing Lyapunov exponent.
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Recalling that we wish to prove that f is partially hyperbolic, suppose instead
that f is not a partially hyperbolic endomorphism. Then, Proposition 2.3 implies
the existence of τ > 0 such that for every k ∈ N, there exists (xki )i ∈Mf such that
for every 1 ≤ j ≤ k holds:
‖Df j |F (xk0 ) ‖ ≤ 1 + τ.
For simplicity, let us denote (xki )i by x
k. Thus, for every k ∈ N, we define a measure
µk on Mf as follows:
µk =
1
k
k−1∑
j=0
δfj(xk),
where δfj(xk) denotes the Dirac measure at (x
k
j+i)i in Mf . Let µ be a f -invariant
measure on Mf which is obtained as an accumulation point of (µk)k. Thus, up to
take a subsequence, follows that:∫
Φdµk →
∫
Φdµ, for all Φ continuous.
In particular, Φ(·) = log ‖Df |F (·) ‖ satisfies:∫
log ‖Df |F ‖dµ = lim
k→∞
∫
log ‖Df |F ‖dµk
= lim
k→∞
1
k
k−1∑
j=0
log ‖Df |F (fj(xk)) ‖
= lim
k→∞
1
k
log ‖Dfk |F (xk0 ) ‖
≤ lim
k→∞
1
k
log(1 + τ) = 0.
On the other hand, using Birkhoff’s Ergodic Theorem and Poincare´’s Recurrence
Theorem, there is a recurrent point (xi)i ∈Mf such that:
lim
k→∞
1
k
k−1∑
i=0
log ‖Df |F (xi) ‖ ≤ 0.
Therefore, for every ε > 0 there exists k0 ≥ 1 such that:
‖Dfk |F (x0) ‖ =
k−1∏
i=0
‖Df |F (xi) ‖ ≤ ekε, for all k ≥ k0. (6.5)
Since E ⊕ F is the dominated splitting for f , we have that there exists C > 0 such
that for every (xi)i ∈Mf and i ∈ Z hold that:
‖Dfk |E(xi) ‖ ≤ C
(
1
2
)k
‖Dfk |F (xi) ‖, for all k ≥ 1. (6.6)
In particular, choosing ε > 0 small enough so that λ0 = e
ε/2 < 1, we get by
equations (6.5) and (6.6) that:
‖Dfk |E(x0) ‖ ≤ Cλk0 , for all k ≥ k0.
In other words, up to change the constant C > 0, we have that,
‖Dfk |E(x0) ‖ ≤ Cλk0 , for all k ≥ 1. (6.7)
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Therefore, applying Lemma 6.1, there exists a periodic point p of period k large
enough so that the eigenvalues of Dfk at p in modulus are at most ekε ≈ (1 + τ).
On the other hand, if we consider Lp : ⊕k−1i=0 Tfi(p)M → ⊕k−1i=0 Tfi(p)M defined by
Lp(v0, v1, . . . , vk−1) = (Df(vk−1), Df(v0), . . . , Df(vk−2)),
we have that
ω is an eigenvalue of Lp ⇐⇒ ωk is an eigenvalue of Dfkp .
Suppose, without loss of generality, that ω is the eigenvalue with maximum modulus
and it satisfies 1 − |ω|−1 < ε, where ε is small enough. Then, by Franks’ Lemma,
there exists a perturbation h of f such that hi(p) = f i(p) and Dh = (|ω|−1− ε)Df
at f i(p). Hence, p is a sink for h which contradicts that h is transitive, recalling
that f is robustly transitive. This proves Theorem A. 
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